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UNIVERSAL DISPERSION TABLES 
III. FREE OSCILLATION VARIATIONAL PARAMETERS 
BY DON L. ANDERSON AND ROBERT L. KOVACH 
ABSTRACT 
The effect of a small change in any parameter of a realistic Earth model on the 
periods of free oscillation is computed for both spheroidal and torsional modes. 
The normalized partial derivatives, or variational parameters, are given as a 
function of order number and depth in the Earth. For a given mode it can immedi- 
ately be seen which parameters and which regions of the Earth are controlling the 
period of free oscillation. Except for oSo and its overtones the low-order free oscilla- 
tions are relatively insensitive to properties of the core. The shear velocity of the 
mantle is the dominant parameter controlling the periods of free oscillation and 
density can be determined from free oscillation data only if the shear velocity is 
known very accurately. Once the velocity structure is well known free oscillation 
data can be used to modify the average density of the upper mantle. The mass and 
moment of inertia are then the main constraints on how the mass must be redis- 
tributed in the lower mantle and core. 
INTRODUCTION 
Free oscillation data provide constraints on the elastic properties and density of the 
Earth that supplement body wave velocity data, mass and moment of inertia. How- 
ever, the calculation of the periods of free oscillation of a realistic Earth model is a 
tedious and time consuming chore, even on a large electronic computer. Because of the 
large number of parameters involved it is difficult o modify a standard or trial Earth 
model to obtain agreement with free oscillation observations. The partial derivatives 
given in this paper allow one to determine which parameters are most important for any 
given mode and which parameters have little influence. In particular, they allow one 
to assess the effect of density, the main parameter which has been modified on the basis 
of free oscillation data. Comparison of the partial derivatives for various modes also 
allows one to assess the independence or lack thereof of these modes and therefore the 
degree of redundance of the information contained in a given set of modes. 
In addition to the qualitative use of the perturbation parameters, discussed above, 
they can also be used, in a matrix inversion scheme, to modify, to first order, the trial 
structure in order to fit a given set of observed free oscillation data. 
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LIST OF SYMBOLS USED 
radius of earth 
compressionai wave velocity 
shear wave velocity 
gravitational cceleration 
gravitational constant 
integer denoting surface harmonic dependence on polar angle 
Lame constant 
rigidity 
number of radial nodal surfaces 
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P (r), radial factor in the perturbation of the gravitational potential 
p, density 
~Ur(r), radial function in the vertical component of displacement for spheroidal 
oscillations 
~V~ (r), radial function in horizontal component of displacement 
=W~ (r), radial function in the torsional oscillations 
% angular frequency 
THEORY 
We use the variational method, first used in a geophysical context by Stoneley (1926) 
and Jeffreys (1935) and applied by Anderson (1964), Anderson and Harkrider (1968). 
Archambeau and Anderson (1964), Takeuchi et al. (1964) and Wiggins (1968). The 
variational parameters or partial derivatives, can be expressed in terms of ratios of 
energy integrals as discussed in Archambeau and Anderson (1964). Most of the 
appropriate theory is summarized in Backus and Gilbert (1967), For brevity we shaft 
only illustrate how the variational parameters are derived for the torsional oscillations. 
For the torsional oscillations the kinetic and potential energies averaged over a cycle 
are, apart from constant factors, 
fo*" T -- 2 p(r)W~:(r)r  2 dr 
fo V = ~(r){W~2(r)r  2 - 2WzW~r - Wl  2 + l(1 -t- 1)Wz ~} dr 
Since the kinetic and potential energies averaged over a cycle are equal 
¢o210 = I i+ l ( l+  1)Is 
where 
/To = fo r 
~r I = for 
/2 -- for 
p(r) Wz2r 2 dr 
t~(r){-Wz 2 - 2W~Wzr + Wz" 2r2} dr 
, ( r )Wz  ~ dr 
(1) 
If we vary p and ~ retaining the same value of Wz (r) we find that 
(~ + ~)2( Io  + ~Io) = I1 + ~I1 + l(l + 1)(I2 + ~I2) + 0[(~p) 2, (~t~)2]. (2) 
On subtracting (1) from (2) we obtain with a error of the second order 
~I0~ + 210~ = ~I1 + 1 (l + 1)812 
We are interested in examining the variation in the eigen-frequency ~o~ with the per- 
turbation of a specific elastic parameter with all of the other parameters held fixed. 
Therefore, if we perturb the density over an interval r -- e < r < r + e holding the 
rigidity and the wave number k fixed we find that the change in phase velocity ~c rela- 
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tive to the unperturbed phase velocity c is 
: -  
or  
0, : _  
C /~ ~ r--¢ 
2 2 r W~ dr/2Io 
2 2 plr W~ dr/2Io (3) 
which we immediately recognize as the ratio of the kinetic energy over the interval 
which is perturbed ivided by the total energy in the system. In a similar manner we 
can show that 
f '+= - - -  = #i{ -Wz 2 2WtWzr + r Wz + l(l + 1)Wz 2} dr/2o~2Io C p ~ r - -e  
recognizable as the potential energy of the perturbed interval divided by the total 
energy. 
For the spheroidal oscillations we can show that 
where 
a~ - -  fap(U2r 2 + l(l + 1)V2r 2) dr/2[I1 + l(1 + 1)15] 
OJ 
+ f~o{87rGpU2r 2- g(4U2r -  21(1 + 1)Ugr )  
1, -- 87rGr 2 o(2U2r -1 - l(l + 1)UVr  -~) dr 
- 2UPr  ' - 2rl(t + 1)VP} dr/2~g[I1 + ~(Z + 1)I~1 
f0 a 
11 = p(r) Uz2r 2 dr 
I~ = p(r)Vz2r 2dr. 
(5) 
If we neglect self-gravitation the second integral term in (5) can be neglected. Kovach 
and Anderson have shown that the gravitational energy can be neglected for l > 7. 
Similarly 
c \~X/~,~ ~-~ 
k~ {(r~'z + 2U,) 2 -- 2l(l + 1)(Uz + 2U,)V~ 
+ [l(l + 1)V,] 2} dr/2o~2(I1 + l(l + 1)12) 
C X,p f 
r+8 
= ~-~ m {2(r2U~ 2 + 2Uz 2) + l ( l+  1)(U~ 2-  Vz 2 -  6UzVz 
2" 2 + 2rUzli'z -- 2rVz ~7, + r Vz ) + 2[/(l + 1)Vz] 2} dr/2¢o2(I1 + l(l + 1)I2). 
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We are most concerned with the partial derivatives having a,/3 and p as independent 
variables. In this case 
~C 
For free oscillation studies it is convenient to have normalized partial derivatives 
for a change in period 
TOa] ~a ~a 
TOE] ¢oa ~ 
(poT  - ( l  + ½)p ac 
T-$p /  = " 
Thus, (~OT/Tc)~)~;p refers to the relative change in period for a relative change in shear 
velocity with density and compressional velocity fixed in a one kilometer thick shell 
at the indicated epth. We shall use normalized partial derivatives in the discussion 
that follows. 
STANDARD EARTH MODEL 
The Earth model used for the present calculations evolved from the CITl l  series 
(Anderson and ToksSz, 1963) based on studies of long-period surface waves. It has a 
low-velocity zone in the upper mantle together with two major discontinuities. The 
compressional velocity for the mantle has been adopted from Johnson (1967). The 
compressionM velocity in the core is modified from Gutenberg (1957), Jeffreys (1939) 
and Adams and Randall (1964). The shear velocity and density are functionally re- 
lated to the compressionM velocity and resulted from several iterations from an original 
trial model to reduce the residuals for the low-order modes. The model, F7M% is shown 
in Figure 1 and Table 1. The computed periods for the low-order modes for model 
F7M' are given in Table 2. These periods are compared with the free oscillation data 
in Figure 2. 
The earth model has been split into 18 regions, indicated by the dashed lines in 
Figure 1 for the purpose of condensing the partial derivatives which are tabulated for 
each region. Most of the region boundaries are at natural boundaries in the Earth but 
a few extra regions have been inserted for additional f exibility. The partial derivatives 
are plotted as relative change ia a period due to a relative change in the parameter in
order that a whole region can be perturbed at a time. 
PARTIAL DERIVATIVES VERSUS ORDER NUMBER 
Figures 3, 4 and 5 show the normalized partial derivatives for the fundamental 
spheroidM modes given as a function of order number and depth in the earth. With 
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TABLE 1 
PARAMETERS OF MODEL F7M' 
Depth (kin) Vp (km/sec) V8 (km/sec) p (g/cm 3) 
0 6.14 3.70 2.83 
7 6.14 3.70 2.83 
25 8.12 4.75 3132 
48  8.12 4.75 3.32 
65 8.01 4.56 3.22 
85 8.01 4.56 3.22 
95 7.93 4.38 3.25 
110 7.68 4.20 3.18 
130 7.50 4.20 3.09 
150 7.58 4.20 3.13 
170 7.70 4.33 3.15 
190 8.02 4.45 3.26 
210 8.32 4.45 3.42 
230 8.35 4.45 3.43 
250 8.40 4.45 3.46 
350 8.64 4.45 3.57 
365 8.70 4.45 3.60 
375 8.76 4.48 3.62 
385 8.79 4.55 3.79 
395 8.93 4.64 3.88 
405 9.21 4.86 3.99 
415 9.41 5.07 3.99 
430 9.51 5.17 3.93 
450 9.60 5.29 3.95 
470 9.66 5.36 3.97 
490 9.70 5.36 3.99 
600 9.93 5.36 4.11 
610 9.98 5.36 4.13 
630 10.13 5.41 4.19 
650 10.42 5.56 4.28 
690 10.86 5.92 4.38 
745 11.02 6.18 4.36 
800 11.09 6.26 4.35 
850 11.19 6.27 4.38 
900 11.27 6.29 4.41 
950 11.35 6.31 4.45 
1000 11.44 6.35 4.49 
1200 11.77 6.48 4.62 
1400 12.06 6.62 4.72 
1600 12.32 6.74 4.86 
1800 12.56 6.84 4.97 
2000 12.77 6.94 5.06 
2200 12.97 7.02 5.15 
2400 13.19 7.11 5.24 
2600 13.45 7.20 5.37 
2700 13.58 7.24 5.38 
2750 13.64 7.25 5.40 
2775 13.66 6.93 5.41 
2800 13.67 6.93 5.42 
2844 13.69 6.93 5.44 
2888 13.68 6.89 5.45 
2910 8.10 0 9.90 
3000 8.21 0 10.03 
3202 8.48 0 10.34 
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TABLE 1.--Continued 
Depth (km) Vp (km/see) V8 (km/sec) p (g/cra~) 
3400 8.76 0 10.67 
3602 9.04 0 10.99 
3800 9.29 0 11.27 
4002 9.49 0 11.49 
4510 10.02 0 12.10 
5000 10.12 0 12.21 
5044 10.11 0 12.28 
5069 10.39 0 12.37 
5204 11.13 O 12.62 
5417 11.17 0 12.66 
5892 11.23 0 12.72 
6130 11.24 0 12.73 
6230 11.24 0 12.73 
6371 11.24 0 12.73 
i 
I000 2000 3000 4000 5000 6000 
Deplh, km 
FIG. 1. Standard model F7M ~ for which the variational parameters are given in this paper. 
The vertical dashed lines indicate the regions for which tabular values of the variational parame- 
ters are given. 
this earth model the effect of increasing either the compressional and shea r velocity is 
to decrease the period of the free oscillation. However, an increase in density can cause 
an increase or decrease in the p riod depending on the depth of the perturbed region 
and the order number (Figure 5). 
The low order spheroidal modes are most sensitive to the shear velocity in the lower 
mantle; see, for example, the curve for 2500 km in Figure 4. Comparison of this curve 
with the equivalent depth curve in Figure 3 demonstrates that the compressional 
velocity, particularly in the lower mantle and core has little effect on the low order 
(1 < 8) spheroidal modes and thus cannot be confidently extracted from free oscilla- 
tion data. 
The compressional velocity in the upper 500 km of the mantle has a larger effect on 
the low-order modes than the shear velocity and density in this region. For order 
numbers l > 8 the density becomes relatively more important. It Can also be immedi- 
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ately seen that the low-order fundamental mode free oscillations are not particularly 
sensitive to density variations in the core. 
Figures 6 and 7 show the partial derivatives versus order number for the torsional 
oscillations. The shear velocity distribution in the upper 1000 km or so is the dominant 
] GB-A 
F_~ +8 
k 
I ,V, ~'I V 
- 4 V 
I i  I i I I I ! I i i I I ~ i i I I 
0 4 8 12 0 4 8 12 I6 20 
0rder number, n 
FIG. 2. Residuals for spheroidal, 0Sn , and torsiona|, 0T, , modes for the Gutenberg-BuIlen 
A model (GB-A) and F7M'. 
TABLE 2 
CALCUL.A_TED PERIODS OF FREE OSCILLATION (MINUTES) MODEL F7M' 
Mode T (min) Mode T (min) 
oSo 20.442 o T2 43. 824 
1So 10.108 oT3 28. 350 
oS2 53.705 o T4 21.700 
1S2 27.454 o T ~ 17.894 
2S2 15.301 o T6 15. 392 
oS3 35. 518 oT7 13. 598 
1S3 17. 701 oT8 12. 236 
~Sa 13.418 oT9 11.158 
oS4 25.725 o 7',o 10. 279 
1S4 14.184 oTn 9. 545 
oS5 19. 805 oT12 8. 921 
oS6 16. 031 oTl.~ 8. 382 
oS7 13. 513 oT14 7. 911 
oS8 11. 777 oT15 7.495 
oS9 10. 550 oT16 7.124 
osio 9. 645 oT17 6. 791 
oSu 8. 940 oT18 6. 490 
oS12 8. 362 oT19 6. 216 
oS13 7. 873 oTto 5. 966 
oS14 7. 439 o T21 5. 736 
oS~o 5. 738 o T22 5. 524 
oSs5 3.851 oT~ 4.975 
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10-3 
SPHEROIDAL  OSCILLAT IONS [~ 
MODEL F7M'  --1 
_ _ r .dT l  __  . . . _ . _ . . L£9- -~,  
10 -4 
I 
io-5 
10-61  I I I I I \ I I I N, 
2 4 6 8 12 14 16 I0 18 20 
Order number, n 
Fie. 3. Compressional velocity variational parameters as function of order number 
and depth for fundamental spheroidal modes. 
' ° -3L  ' ' ' I ' ' ' ' - 
~ • - 
2500 
\ oo m 
- SPHEROIDAL OSCILLATIONS [#dT]  - 
MODEL F7M'  - LTT-dBJ  
to --~ I I I I I I I I 
2 4 6 8 I0 12 14 16 18 20 
Order number, n 
Fie. 4. Shear velocity variational parameters for fundamental spheroidal modes. 
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- SPHEROIDAL  OSCILLAT IONS ~ - -  
- M ' I00 / 
- -  MODEL F7  ~ - -  
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, L~J o,,, ~ .---7 
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-5~ # \ 
#/z  \0  - ' -  
io-61/'" I , "~ , I i I I I 
2 4 6 8 10 12 14 16 18 20 
Order number, n 
FIG. 5. Density variat ional parameters for fundamenta| spheroidal modes. 
Dashed lines and open circles are negative values. 
1 0 - 3 ~  
FX',oo ~ ~o - 
! 
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I \ \ _[~'~T] _ 
I o "~ \ ",,o,, lTd~l - 
p__ \ ",,, MODEL vrM' _ - 
I-" '~ \ TORSIONAL MODES 
2 4 6 8 I0 12 14- 16 18 20 22 24- 26 28 :50 :52 :54  
Order number, n 
FIG. 6. Shear velocity variational parameters for fundamental torsioIml modes. 
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controlling factor for the torsional oscillations for I < 8. For order numbers 1> 16 the 
shear velocity in the upper 400 km of the mantle controls the peroid of free oscillation. 
Note that the sign of the density partial derivative can be positive or negative as 
was the case with the spheroidal oscillations. Figure 7 indicates that only the low-order 
torsional modes should be used in modifying the density distribution in the earth and 
that only the density of the upper 300 km of the mantle should be modified using this 
kind of data. 
10-3 
10-4 
10-5 
=l  I I , ~ , , I , I I , I L L I I I I , L , I I , , I I I I I I -  
- ~ "~'.. "> , . i  - _ }"  \ / ,  ",,.500 km r"  - 
I q, \ ,, ~ / ~ 
I \~. " , q ~  i t 
\'o, / - /r \ "~x \ , pdT - 
b \  ~\ 'V Td p _ 
\ 'o. - 
k2500 ,,~ MODEL F7M' 
\ " TORSIONAL MODES 
2 4 6 8 I0 12 14 16 18 20 22 24 26 28 50 52 54 
Order number, n 
FIG. 7. Density variational parameters for fundamental torsional modes. 
Dashed lines and open circles are negative values. 
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I I t I I l l  I I 
2000 3000 
Depth, km 
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4000 
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\ \  
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FIG. 8. Variational parameters a a function of depth for 0S0. Dashed curves in this and the 
following figures refer to negative values. The values refer to a one kilometer thick layer. The 
fine structure isdue to the normalization and reflects the structure of the Earth model. 
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The inverse problem in free oscillation studies is simply a matter of finding weighted 
linear combinations of curves such as those in Figures 3 through 7 which add up to 
the observed discrepancy between the observed and computed periods of free oscil- 
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FzG. 10. Variational parameters for 0S2 as a function of depth. 
lation. The weighting factors are merely the relative changes in perturbation param- 
eters which are required to make the trial model have, to first order, the observed 
spectrum. 
PARTIAL DERIVATIVES VERSUS DEPTH 
I t  is particularly informative to plot the normalized partial derivatives as a function 
of depth in the earth because this method of display makes it immediately apparent 
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how various parameters and regions of the Earth are being sampled by a given mode. 
Figure 8 shows the partial derivatives for the fundamental radial mode 0S0. This mode 
is particularly insensitive to the shear velocity distribution and is primarily sensitive 
to the compressional velocity in the lower mantle and outer core and the density dis- 
tribution in the upper mantle. Obviously if the compressional velocity distribution 
10-3  i i i I I i i 
I MODEL F7M' 
- iS2 
f J  
IO -4 - .~  
/ 
10-5  i ~ i ~/ 
0 I000 
I I I I I I _  
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/ /  x\, ,  
I 
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2000 
Depth, km 
FiG. 11. Variational parameters for tS2 as a function of depth. 
I I I I I I I I I i I I I _  
MODEL F7M' 
- 2S2 
(~) / / '~"] -  
/ 
(~) / /  
(P ) / /  
10-4  ,~/  
V~ ",,-- f i i k - 
~.v'xJ I i i  _ 
/ 
/ 
I 
/ 
MANTLE 
!0 -  ~ I I I I I I I I I I I 
0 I000 2000 
Depth, km 
FIG. 12, Variational parameters for 2S~ as a function of depth. 
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in the outer core is accurately known this mode can supply information about the 
density in this region. The normaliT, ed compressional velocity partial derivative:is 
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FIG. 13. Variational parameters for 8S2 as a funct ion of depth. 
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FIG. 14. Variational parameters for 0S8 as a function of depth. 
I I I 
I - 
remarkably symmetric about he core-mantle boundary. The density partial derivative 
for this mode becomes negative in the lower mantle demonstrating that an increase 
in density in the lower mantle and core will cause a decrease in the period whereas 
an increase in density in the upper mantle will lengthen the period. 
The behavior of the first overtone 1S0 is shown in Figure 9. This mode emphasizes 
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:structure much deeper than the fundamental mode, being particularly sensitive to the 
eompressional velocity near the top of the outer core and the region near the top of the 
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FiG. 15. Variational parameters for 1S3 as a function of depth. 
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FIG. 16. Variational parameters for ~$3 as a function of depth. 
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inner core. This mode is also sensitive to the density in the outer core and only 
slightly less influenced by the density in the inner core. This mode may prove useful 
for delineating density bounds for the inner core. The compressional velocity of the 
central mantle has some control on this mode but again the shear velocity is relatively 
unimportant in this region. 
The gmvest spheroidal mode 0S2 samples the earth quite differently, as shown in 
UNIVERSAL DISPERSION TABLES III 1681 
Figure 10. It is primarily governed by the distribution Of shear velocity in the lower 
mantle and to a lesser extent he density in the upper 400 km of the mantle. Notice 
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" L oS4 I / / /  
1 0 - 4 ~  - -  i / 
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\ // // - 
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FIG. 17. Variational parameters for 0S4 as a function of depth. 
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FIG. 18. Variational parameters for 1S4 as a function of depth. 
that the eompressional velocity throughout the mantle and the velocity and density 
within the core have little effect on this mode. If the shear velocity in the lower mantle 
is accurately known then this mode can be used to refine estimates of the average 
density in the upper 600 km of the mantle. 
The density distribution i  the upper mantle becomes more important in the over- 
tones 1S~ and 2S2 (Figures 11 and 12). The mode 1S2 is most influenced by the shear 
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velocity in the central mantle, the density and compressional velocity being relatively 
unimportant. For 2S2 the shear velocity in the lower mantle and the density ia the 
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upper mantle become the controlling parameters. Ia the central mantle the compres- 
sional velocity dominates the other two parameters. 
Figure 13 shows that the depth variation for the partial derivatives becomes in- 
creasingly complex for the higher overtones, as shown by the behavior of the mode 3S~ 
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in Figure 14. This mode is controlled by the shear velocity in the central mantle, the 
density in the upper 200 km of the mantle and to a lesser extent the compressional 
velocity in the lower mantle. The effect of the core is also small. 
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The modes oS3,1S3 and ~Sa (Figures 14, 15 and 16) are similar to their $2 counter: 
parts in the manner that they sample the earth. 
Modes 0S4,1 $4,0S5 and 0S6 (Figures 17, 18, 19 and 20) are similar to their counter- 
parts and need no further discussion. Modes 0S~ through 0S~0 (Figures 21-24) point out 
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the increasing importance of the upper part of the lower mantle from 1000 to 2000 km 
deuth. The strong minimum in the shear velocity perturbations between 200 and 800 
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km depth shows that these modes contain little information about the shear velocity 
in this interesting region. On the other hand, the shear velocity partial derivatives 
strongly peak in the upper 100 km. The effect of changes in density and compressional 
velocity are comparable in the 200 to 800 km depth range. 
0S13 (Figure 25) is strongly dominated by the shear velocity between 800 and 1400 
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km and to a lesser extent he density between 100 and 400 km. By 0S~0 (Figure 26) the 
maximum in the shear velocity perturbation has moved up to the region between 400 
and 1100 km and the density maximum to 50 and 200 km. The properties of the mantle 
below about 1000 km has little effect on these modes. Mode 0S3~ is only influenced by 
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properties in the upper 800 km of the earth (Figure 27 ). Density is important between 
50 and 200 kin. 
The behavior of the p~rtial derivatives for the torsional modes of oscillation are 
shown in Figures 28 through 30. ~odes oT~ through 0T10 sample the shear velocity rela- 
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tively uniformly in the upper 1000 km of the earth. 0T2 samples the shear velocity of 
the whole mantle almost uniformly. The shear velocity perturbation parameter is 
concentrated more and more towards the surface as the mode number increases; for 
example, 0T3~ only effectively samples the shear velocity distribution above 500 kin. 
The very low-order torsional oscillations are also effected, to a lesser extent, by the 
density distribution in the upper 500 km, and change sign in the upper mantle. 
PART IAL  DERIVAT IVE  TABLES 
The main purpose of this paper is to indicate in a qualitative manner which param- 
eters of the Earth are contributing to the various modes of free oscillation. The figures 
TABLE 8 
INTERVAL MASS AND MOMENT OF INERTIA 
Depth (km) Mass (10 ~8 gin) Moment (10 a6 gm kg m) 
1 0-7 .00101 .00273 
2 7-56.5 .00830 .02224 
3 56.5-150 .01464 .03835 
4 150-190 .00620 .01588 
5 190-375 .03023 .07472 
6 375-415 .00702 .01671 
7 415-610 .03386 .07750 
8 610-670 .01057 .02315 
9 670-775 .01838 .03909 
10 775-1475 .11050 .20383 
11 1475-2650 .13976 .17741 
12 2650-2750 .00912 .00820 
13 2750-2825 .00656 .00562 
14 2825-2888 .00532 .00438 
15 2888-3977 .12691 .07651 
16 3977-4777 .04809 .01353 
17 4777-5025 .00826 .00121 
18 5025-6371 .01290 .00093 
Total 0.59763 X 1028 0.80199 X 1036 
in the previous section allow one to determine the sensitivity of a given mode to the 
parameters in the various regions of the Earth and, in a crude way, to access the re- 
solving power of the various modes. 
The partial derivatives also permit one to modify the standard model in such a way 
as to force agreement, to first order, between the computed and observed free oscillation 
spectrum. Since the modes discussed in this paper have relatively low resolving power 
we tabulate the partial derivatives, or variational parameters, for the 18 major regions 
of the standard model which were discussed previously. The partial derivatives, 
integrated over the region noted, are tabulated in Tables 3 through 8. The regions cor- 
respond to (1) the crust; (2) the lid of the low-velocity zone; (3) the low-velocity 
zone; (4) and (5), the region between the low-velocity zone and the top of the C-region; 
(6) the first major upper mantle transition region; (7) the homogeneous region be- 
tween the upper mantle discontinuities; (8) the second major transition region of the 
mantle; (9) the region below this transition to allow for a possible discontinuity near 
800 km; (10) the upper part of the lower mantle; (11) the lower part of that part of the 
lower mantle which seems to be relatively homogeneous; (12), (13) and (14) have been 
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treated separately to allow for inhomogeneity near the base of the mantle and to allow 
for a possible increase in core radius; (15) the outer part of the outer core; (16) the 
inner part of the outer e~re where some heterogeneity may be involved; (17) the transi- 
tion region between the inner and outer cores; and (18) the entire inner core. 
Each of these regions may be perturbed as a whole simply by multiplying the entry 
in the table by the fractional change in the parameter. For example, a 10 % increase 
in the shear velocity of the low-velocity zone (Row 3 in Tables 3 through 7) will de- 
crease the periods of 0S0, 0S2, 0S3, 0S20 by 0.010 %, 0.046 %, 0.087 % and 0.191% re- 
spectively (see Table 3). The inverse problem has been discussed in previous papers 
of this series. 
Table 8 gives the mass and moment of inertia of these 18 regions. This table is re- 
quired when density perturbations are made in order to balance the mass and moment 
of inertia of the Earth. 
CONCLUSIONS 
The variational parameters presented herein for a realistic Earth model enable one to 
determine at a glance which elastic parameters control a particular period of free oseil- 
lation. Several interesting conclusions emerge as a result of this study. The low order 
fundamental spheroidal modes are particularly sensitive to the shear velocity dis- 
tribution in the lower mantle; they are not particularly sensitive to the properties of 
the core. In fact, fundamental mode free oscillation data do not, by themselves, pro- 
vide compelling constraints for a given density distribution in the lower mantle or 
core unless these regions are homogeneous and can be treated as units. Everything else 
being equal a 0.1% error in 0S0 leads to an uncertainty of 4 per cent in the density of the 
inner core and this is not improved by using other fundamental mode data. However, 
the mode 1S0 should prove valuable for delineating density bounds for the inner core. 
The low order fundamental modes are about as sensitive to the shear velocity in the 
inner core as they are to the density in this region. 
If the distribution of shear velocity in the lower mantle and the compressional 
velocity in the upper mantle are independently and accurately known the gravest 
spheroidal modes can be used as constraints on the density distribution in the upper 
mantle. When torsional oscillation data, which are primarily affected by the shear 
velocity structure, are combined with spheroidal data additional constraints are pro- 
vided on the density in the upper mantle. 
By comparing the variational parameters as a function of depth for nearby modes it 
is possible to estimate the degree of independence of these modes. For example, 0Ss, 
0S9 and 0S10 sample the Earth in nearly the same way and these modes do not supply 
data that, for practical purposes, is independent. The linear independence of a set of 
free oscillation modes should be tested prior to the inversion of the corresponding data 
to obtain an Earth model. Clearly, the larger the separation i  n the more independent 
the data. This feature of free oscillation data makes it preferable to use only superior 
and uncontaminated data in an inversion scheme rather than using all available data. 
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